Frequently Asked Questions

1. Briefly explain a Likelihood ratio test procedure
Answer:

Suppose a composite null hypothesis H,:0€ ©is to be tested against a composite

alternative hypothesis H:0€ ©,

For testing the above null hypothesis a test procedure called Likelihood ratio test procedure
is followed which is explained below.
Let a random sample x1,x2,...,xn of size n be drawn from the given population with p.d.f
f(x,0)

Sup L(0,x1,x2,....,xn)

Let A= 999
Sup L(0,x1,x2,....,xn)
C)

Since the supremum in the denominator is over a larger set of numbers. A<1. Also likelihood
functions are nonnegative and hence A=0. Thus 0 <A < 1.

That is the test procedure is as follows:

If A is very large that is A = A, the null hypothesis is accepted and if A is very small that is A<
Aq the null hypothesis is to be rejected. The constant A, t is so chosen that the size of the test
is o

2. In practical situation how do you test the average of a Normal population?
Answer:
To test the null hypothesis HO: p=p0 against the alternative hypothesis H1: p# pu0 , when

the variance is known x_/flﬁ is computed and compared with the tabulated value z, ,
o n
xX— i 5
That is when the computed value of |5,./,| exceeds “@/2 we reject the null hypothesis.

To test the null hypothesis Ho : 4 = Jo against the alternative hypothesis H; . 4 # o when the

xX=Ho
variance in unknown, siNn| s computed and if it exceeds the tabulated value of
ta (n-1) we reject the null hypothesis.

3. What is the test criterion to test the variance of a Normal population in practical cases?
Answer:
In practice, to test the null hypothesis HO: 6=00 against H1: o # 0 , when the mean is

X (xi = 1)°

known, - is computed and compared with the tabulated value. That is we reject

2
Oy

. 2 : 2
3 (xi — 42) €AY :
the null hypothesis if ’—2 > Yoo (n) or 1—2 <X-qs2” ()
Oy Oy



To test the null hypothesis HO: 0=00 against H1: o#00, when the mean is unknown
> (xi - x)?

! > is computed and compared with the tabulated value. That is we reject the null
Op

S (xi — x)° S (xi—x)?

hypothesis if ’—2 >;(a/22(n —1) or 1—2 <;(1_a/22(n -1)
Op O

For a normal population with a known variance o® derive LRTP to test the null hypothesis
HO: u=p0 against the alternative hypothesis H1: y# p0
Answer:
Let x4, Xo2...X, be a random sample of size n from a Normal population with parameters u
and ¢®

Sup L(u,x1,x2,...., xn)

1= HEB®¢
Sup L(u,x1,x2,....,xn)
HEQ

Where A, is such that

PIA<A,/Hyl=a————— (*)
Sup L(u,x1,x2,....,xn)
__ H=Hg
Sup L(u,x1,x2,....,xn)
—oo [l<oo
1 2_122(Xi_ﬂ)2
Sup ( Yieo i
A= H=H) o~N27
| s Seia)?
Sup ( )neZO' i

—oo< f< 00 o217
The denominator attains the maximum value when the unknown parameter is substituted by

its maximum likelihood estimate. Thus substituting u by x, a sample mean in the
denominator we can make it to attain its maximum value. Therefore

1 %Z(Xi_ﬂo)z
( )}1620' i
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neZO' i
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%[in2+n,u()2—2,u()zxi —(in2+n}2—2;c2xi )]
3620 i i i i

[n,uo +n)c2 —2nx,uo]

— o207

2 Luo® +x” ~2xug) l-ug )
= e20 == 20
Now

_”2 [x—u01

A< A, =20 <,

[x—/,lo] <1Hla

xX—=HQ —l<n
[J/«Fj ll

X—H(
>-2In A,
a/f)

_|x#0

A —2In /la 11 Say

Now size of the test =a = P[Re jectH ,/ H ytrue] = o

:P[ﬂsﬂa/,u:,uo]za

:>P[ >/11]—

/f

When xi follows Normal with parameters p and 6%, a sample mean

X~ N(,U,G /n). Then el ~ N(0,1) under Null hypothesis

oln
= PINOD| > 41=a
- Za)2 . .
Now from the table of Normal Probabilities we can read A; - . Using the relation
Zy/os
among A,, andA; = al Aq and hence the test can be determined.

Deduce LRTP to test the null hypothesis HO: u=p0 against the alternative hypothesis H1: p
> W0 when the variance is given

Answer:

Let x12, Xo...Xn be a random sample of size n from a Normal population with parameters u
and ¢

Sl/lpL(,U,xl,XZ,....,xn)

_ keB,

- Sl/lp L(u, x1,x2,....,xn)

HEQ

P[/,lSﬂa/Ho]:a _____ (*)
Where Aa is such that



Sup L(u,x1,x2,....,xn)

__ H=Ho
Sup  L(u,x1,x2,....,xn)
—oo [l<oo
-1 .2
2 (xi— )
1 0p2 4
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A= H=H) o271
| X
Sup ( )ne20' i
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If Yo is greater than the sample mean estimate of p is Yo in the denominator then A=1, in
which case the null hypothesis should surely be accepted.

If yo is less than the sample mean ien e Maximum likelihood estimate of pis , Thus

substituting y by x, a sample mean in the denominator we can make it to attain its
maximum value as above we get

;lzz(xi—#o)z
1=_0C 2
- -1 )
—ZZ(XI—X)
o~N2T7
Now
A<, =
o )
-2InA
:[a/ ﬁ] s 2 A,

X—Ho
J-2In Ay = A (say)
- c/n g @

Now size of the test =a = P[Re jectH ,/ H ytrue] = o

= PIAS A, /u=yl=c
X—Ho
e
0/\/;> ne
= PIN@O,)) > 41=a

Now from the table of Normal Probabilities we can read A1 = Za. Using the relation among
Aa, and A1 = Za, Aa and hence the test can be determined. For our practical purposes to

x—
o/~n

= P[

test the null hypothesis HO: u=u0 against the alternative hypothesis H1: p>pu0 , is



computed and compared with the tabulated value z, . That is we reject the null hypothesis if

x— o)
exceeds Z
G/Qn a

. To test the null hypothesis HO: uy=u0 against the alternative hypothesis

H1: u< p0, derive LRTP when variance of the population is known
Answer:
Let x4, Xo...xn be a random sample of size n from a Normal population with parameters p
and o®
Sup L(u,x1,x2,...., xn)
A= e B
Sup L(u,x1,x2,...., xn)
HEQ

P[/,lSﬂa/Ho]:a _____ (*)
Where Aa is such that

Sup L(u,x1,x2,....,xn)
H=H0
Sup  L(u,xl,x2,....,xn)

—oo [l<oo
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usuy ON2T
If Yo is less than the sample mean, estimate of y is Yo in the denominator then A=1, in which

case the null hypothesis should surely be accepted.
If yo is greater than the sample mean then the maximum likelihood estimate of pis , Thus

substituting y by x, a sample mean in the denominator we can make it to attain its
maximum value as above we get
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Now
AL A, =

- 2
= (x—,uo] >—2ln/1a

o/n

Ho — X
J=2In A, = 2 (say)
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x—
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Now size of the test =a = P[Re jectH ,/ Hytrue]= o

= P[AS A,/ u=ul=c
X—Hy
c/n

= PINO,])S—H}1=«c
Using the relation among A4, and A; =Z,, A, and hence the test can be determined. For our
practical purposes to test the null hypothesis HO: y=p0 against the alternative hypothesis
x—H
H1: pu<p0, ©/ Jn is computed and compared with the tabulated value -Z,. That is we reject
x=Ho
the null hypothesis if /V7 is less than - Z,

= P <-Ayl=a

. Let x ~ N(,u,0'2) Obtain LRTP to test the null hypothesis HO: u=p0 against the alternative

hypothesis H1: p# p0 , with an unknown variance ¢°

Answer:

Let x4, Xo...X, be a random sample of size n from a Normal population with parameters p
and ¢”

Sup  L(x1,x2,....,xn)
A= o2, u=u
Sup L(x1,x2,....,xn)
c2.u

PIA<A,/Hyl=a————— (*)
Where Aa is such that



n ;IZZ(XI'—#)Z

1 202 5
Sup ()2 (=)"e"" !
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c2.u o’
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2 (xi— )
Under the null hypothesis the m.l.e of o°is otherwise the m.l.e’s of y and ¢°
n
. T\2
> (xi—x)
are X gnd " . In the expression of A substituting the parameters by m.l.e’'s so

that numerator and denominator attains its supremum we have

2 72()61 10)?
2 (xi— #o)
1 Lo
S (i)’ | V27
1= n
. -1 ‘
’ Y (xi x)zzl«"(ﬂ )
1 I
Y (xi — x)? (\/ﬁ) ‘
n
Y(xi—x)? |2
| S - )’
Consider
> (xi = phy)” =
S[(xi = x) + (x = o)]* =3 (xi — )% + n(x — tty) *becausey (xi

~x)=0
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> (xi—x)* 2
ﬂ/: == 1
¥ (xi—x)* +n(x = ty)’ | = )
S (xi — x)?
Now
2
1
A<A, = | <2,
14 M= ko)
> (xi — x)?
2
1 1 n
= 3 <A, = 3 <A,
1+ 1+
n— n—1
o 2 Y(xi—x)? > (=)
( jands = then = >
Where t= sin n-— n—1 % (xi—x)

2 it it
:>[1+ ! J>/1a” =*2(m-D4, -1

-2
=2 \/(n —D(A, " —1) = A (say)
Now size of the test =a = P[Re jectH ,/ Hytrue]= o

= P[A<S A,/ u=ul=c
= Pl > Ml=«a
The quantity A can be read from the table of probabilities if Students t distribution for (n-1)

degrees of freedom @s ) _t 1) . Using the relation among A; and Aq , the test can be
determined.

. To test the null hypothesis HO: y=p0 against the alternative hypothesis H1: p> u0 , the
variance unknown obtain LRTP.
Answer:



chat X1, X2...Xn be a random sample of size n from a Normal population with parameters p and
o]
Sup  L(x1,x2,....,xn)
A= o2, u=u
Sup L(x1,x2,....,xn)
c2.u

P[/,lSﬂa/Ho]:a _____ (*)
Where Aa is such that
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Under the null hypothesis the m.l.e of 6® is ———————— otherwise the m.l.e’s of y and o°
n
. T\2
> (xi—x)
are X gnd T In the expression of A substituting the parameters by m.l.e’s so that

numerator and denominator attains its supremum we have
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Consider

X (xi - pty)” =

S[(xi = x) + (x = fo)]* =3 (xi — x)* + n(x — tty)*becausey (xi — x) =0

) >
Y (xi—x)2 2
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Now size of the test =a = P[Re jectH ,/ H ytrue]= o

PIAS Al u=wl=c
— Hy
A=
s/\/; Tae
= Plt>A4l=a

Now from the table of probabilities of t distribution we can read Ay . txq (n-1) For our
HO: py=p0 against the alternative hypothesis
practical purposes to test the null hypothesis

= P

H1: y>po0 , —H0 s computed and compared with the tabulated value tyq(n-1)

s/n

That is we reject the null hypothesis if

X—=H(
s/n

exceeds ty (n-1)

. Obtain a test procedure to test the null hypothesis Hq: p=po against the alternative

hypothesis Hy: py< Yo for an unknown variance.

Answer:

Let x4, X2...xn be a random sample of size n from a Normal population with parameters p
and o?

Sup  L(x1,x2,....,xn)
_02.u=ng

Sup L(x1,x2,....,xn)

o2 .u

P[/,lSﬂa/Ho]:a _____ (*)
Where A4 is such that
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Under the null hypothesis the m.l.e of o 2

n

> (xi— x)*

is ———  otherwise the m.l.e’s of y and

o® are x and ———. In the expression of A substituting the parameters by m.l.e’s so
n

that numerator and denominator attains its supremum we have

2 Y i)’
2 (xi—Hp)”
1 1 2
( )'e "
> (xi—p)® | V27
A= n
2 1S in?
2 (xi—x)~
1 1 2
= ( )'e n
S(xi—x)? | V2«
n
>(xi-x)* |2
> (xi = pp)*
Consider
X (xi— i) =

SI(xi = x) + (x = fo)]* =3 (xi — )% + n(x — o) *becausey (xi — x) =0
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[N

n
> (xi - x)? 2 |
A= — — S| == 5| Totestthe null
S (xi = %)%+ n(x — ) 4 1= Ho)
2
Z(xz x)
Now
x
A<, = H <
s/\/—
Now size of the test =a
= PA<S A,/ u=ul=c
x J—
= Pl Ho <-Ayl=a
s/ln
For our practical purposes to test the null hypothesis B
HO: u=p0 against the alternative hypothesis H1: p<uo0, x;? is computed and compared
N n

with the tabulated value toy(n-1)

That is we reject the null hypothesis if ;\/}O is less than - ty(n-1)
S n

Let x ~ N(,U,GZ) with a known mean p - Derive LRTP to test the null  hypothesis HO:
0=0, against H1: o#0,
Answer:
Let X4,Xo...,X, be a random sample of size n from a Normal population with parameters p
and o®

Sup L(x1,x2,...., xn)

_0=0)
Sup L(x1, x2,...., xn)
0>0
PIA<A,/Hyl=a————— (*)

Where Aa is such that

n 2_122(xi—ﬂ)2
Sup (—— "e0 i
D ( 5)? (\/—”)
- -1 . 2
1 n 1 20_722()“—#)
Sup (—)2(——=—)"e i
P ()
o 20



The denominator attains the maximum value when the unknown parameter is substituted by

. 2
> (xi — ty)
its maximum likelihood estimate. Thus substituting 6> = ———— in the denominator
n
we can make it to attain its maximum value. Therefore
-1 .2
1 Ty 2 (i
(2 e
2
de oy 27
n -1 ’
2 5 2 =g )
X(xi—p )" g
27
o re
> (xi— ) 2
n
. 5 (ximtn)2
. 2\ Xi—p
C A =
= | n 2e2e 2 o'g
)
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-u n 2. (xi = f1) -
=e 2u?k where u= 5 Jk=n?e?
Oy
—uon wnoa
AL, e’ u’k<A,=>e?u><—*=%
k
Now
—c -2
- ﬂ'a

n n
n 7 n
—uscoru>c,wheree 2 ci2=e ~ cy2 =

k
Now size of the test =a = P[Re jectH ,/ H ytrue]= o

= P[A<A,/lo=0y]l=
S Plu<cioru2c,/0=0yl=a

= P[,}jz(n)SCI]-i- P[;(Z(n)2c2]=a

When xi follows Normal with parameters p and &7,
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X (xi = )

and when 0=0y , ~Xa /22(11). Therefore we find the constants Cs and C,

2
0
- Y
— n 2 no A
suchthat e 2 cj2=e = 52 :705

2 2
And P[;(z(n)SCI]-i-P[;(z(n)Zcz]:a where ¢i=¥|_4/2 (1) and Co= ¥, /> (1)

Derive LRTP to test the null hypothesis Hy: 0=0, against Hi: 0>0, when the mean of a
Normal population is known.

Answer:

L(2§’[ X1, X2...Xn b€ @ random sample of size n from a Normal population with parameters py and
(o}

Sup L(x1,x2,...., xn)
__0=0)
Sup L(x1, x2,...., xn)

c=>0

PIA<A,/Hyl=a————~ (*)
Where Aa is such that

n —— > (xi—p)
1 " 1 n_2 24
Sup ()2 (—==)"e %
P o’ \2m

O =0
A= =%0

I X B
Sup (—)2(-==)"e?"" i
c? &
o 20
The denominator attains the maximum value when the unknown parameter is substituted by
. 2
2 (Xi = )

its maximum likelihood estimate. Thus substituting 0> = —————— in the denominator
n

we can make it to attain its maximum value. Therefore
_1 .
n Y i)

ELERC YRR N
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2(xi—p )=

]

> (xi — p)* T
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n

. 2\5
2= | —n -
= —2 n2€2€ 2 o'g
O

¥ (xi-p)?

. 2
-u n Z(XZ_/U) —-n
=e 2 u?k where u=——-———k=n 2e

Y]

A<y =t+—Frsq =za2(n)
Now size of the test =a = P[Re jectH ,/ H ytrue] = o

= P[A<A,/o=0p]l=

. 2
2 (xi—u) )
: > Wl=a
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In practice to test the null hypothesis

> (xi = p1)°
Ho: 0=0, against Hy: 0>0y the mean is known i 5 is computed and compared with
o
. 2
, 2 (xi = 40)
the tabulated value y, (n) . That is we reject the null hypothesis if ’—2 exceeds
Op

2
Xa (n)

Derive LRTP to test the null hypothesis Hy: 0=0, against Hi: o<o, when the mean of a
Normal population is known.
Answer:
Let x4, Xo...X, be a random sample of size n from a Normal population with parameters u
and o?

Sup L(x1,x2,...., xn)

__0=0)

- Sup L(x1, x2,...., xn)

c=>0

Where Aa is such that
P[ZSZ«&/H()]:“ _____ (*)
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The denominator attains the maximum value when the unknown parameter is substituted by
. 2
2 (xi— i)
its maximum likelihood estimate. Thus substituting 0> = ———  in the denominator
n
we can make it to attain its maximum value. Therefore
-1 )
1 n 1 722(3“_,”)
()2 (=)™
0'02 N2
A=
E -1 2
2 oy uimu)
2(xi—p )"
27
1 . ( 1 Yo Y
> (xi — p) V27w
n
5 5 (ximpn)2
. 2 Xi—U
2 (xi— ) 2 -n n (;1)
=5 | n 2e2e 2 03
Op
. 2
“uon 2 (xi = f1) -non
=e2u?k where u=———— k =n 2 e2How the assumptions of the model can

%
be tested using LRTP
- 2
2 (xi = )
l
602
Now size of the test =a = P[Re jectH ,/ Hytrue]=a

A<, = <C, =Zl_a2(n)

= P[A<A,/o=0p]l=«

. 2
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In practice to test the null hypothesis

. 2
X (xi— 42)
HO: o=0, against H1: o<o,the mean is known - 5 is computed and compared
0y
. 2
X X (xi= )
with the tabulated value Xi—g (M . That is we reject the null hypothesis if > is
O

2
less than x_, (1)

Derive LRTP to test the null hypothesis HO: 0=0, against H1: o#0,, with an unknown mean p
Answer:
Let x4, Xo...X, be a random sample of size n from a Normal population with parameters p
and o?

Sup L(xl,x2,....,xn)

_ M.0=0(
Sup L(xl,x2,....,xn)
H,020

Where Aa is such that

PIA<A,/Hyl=a————— (%)
n Ly iew)?
1.5, 1 2625
Sup (—)*(=)"e™ !
P N2
T 2:22<xi—u )2
Sup () (==)"e? !
P o’ \/275)
u,o 20

Under the null hypothesis the m.l.e of p =)_c otherwise the m.l.e’s of y and o® are ;and
X (xi = x)?

n



In the expression of A substituting the parameters by m.l.e’s so that numerator and

denominator attains its supremum
_1 _
1 n 1 7222(xi—x)2
()2 =)e™ 0
2 /
A o) 27
ﬁ -1 -2
2 7,22(3”._35)
2(xi—x )7
1 1 2

> (xi — x)2 (\/ﬂ

n
n —2
. 2 )2 > (xi—x)
2 (xi — x) wnon
=>|——— | n2ele 2 o2
2 0
)
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)
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k
Now
-, 2 "
2 2 1Ay
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1 2 1 2 X
Now size of the test =a = P[Re jectH ,/ H ytrue] = o

= P[A<A,/o=0p]l=«
= PUScoru2c,/0=0yl=a

= P[;(Z(n)SCI]-i- P[;(z(n)2c2]=a

When xi follows Normal with parameters p and
X (xi = x)°
j 2
l—2~Za/2 (n—1)
O
6o

6

2

we

and when

have
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-] -2

n n
. - 2 il
Therefore we find the constants C; and C, such that e 2 cj2 =e Cr2 =

And P[;(z(n—l)Scl]-l-P[;{z(n—l)ZCz]:a where C1=Zl—a/22(n_1) and

2
Co=Xgso (n—1)
In practice to test the null hypothesis
> (xi— x)°

1

Ho: 0=0, against Hi: o# 0, is computed and compared with the tabulated

2
Oy

value.
X (xi = x)°
That is we reject the null hypothesis if ’—2>Za/22(n—l) or
O

z(xi—})z

—— < Z1-a/22(” -1
Oy

Derive LRTP to test the null hypothesis HO: 0=0, against H1: 0>0, with an unknown mean p
Answer:
Let x4, Xo...X, be a random sample of size n from a Normal population with parameters u
and ¢”

Sup L(xl,x2,....,xn)

_ M.0=00
Sup L(x1,x2,....,xn)
u,020

PIA<A,/Hyl=a————~— (*)
Where Aa is such that

n Y (xi—p)
151, 2525
Sup (—)2(=)"e*"

NG

-1 . 2
n —— D (xi—p )

1 1 ., 2625
Sup (—)2(—==)"e? i
P o’ N27

u,o 20

1= K0 =09

Under the null hypothesis the m.l.e of p =x otherwise the m.Le’s of u and o® are ?_Cand
3 (xi =)

n



In the expression of A substituting the parameters by m.l.e’s so that numerator and

denominator attains its supremum we have
Ly T
()2 =)e™ 0
2 /
A oy 27
ﬁ -1 -2
: ETERE
1 1 2
= | ( )'e "
> (xi—x) N2
n
n —2
. 22 ¥ (xi—x)
D(xi—x) -n n ;1)
S| —— | n 2e2¢ 2 o'g
0o
. —2
—uon 2, (xi — x) —non
=e 2 u?k where u=——-———k=n 22
0o
> (xi - x)°
A<, = 5 >C =24 (- 1)
0o

Now size of the test =a = P[Re jectH ,/ H ytrue]= o

= P[A<A,/o=0p]l=

> (xi — x)°
] 2
5> n-Dl=a
Oy

In practice to test the null hypothesis

Z(xi—;c)z

HO: o=0, against H1: >0, the mean is unknown is computed and compared

2
Oy

with the tabulated value ;{az(n - .
X (xi = x)*

That is we reject the null hypothesis if i 5
Op

2
exceeds y, (n—1)

15. Derive LRTP to test the null hypothesis HO: 0=0, against H1: o<oy, with an unknown mean



Answer:

Let x4, Xo...X, be a random sample of size n from a Normal population with parameters p

and o?
Sup L(xl,x2,....,xn)
_ H.0=0(
Sup L(xl,x2,....,xn)
H,020

Where Aa is such that

PIA<A,/Hyl=a————— (*)
n Ly Gi-w?
1 5, 1 24
Sup (—)2(———)"e?0 i
P (0'2) (\/ﬂ)
1= K0 =0Q
L 2"122<xi—ﬂ )2
Su — )2 (——)"e? i
p (0_2) (m)
u,o 20

Under the null hypothesis the m.l.e of —x otherwise the m.l.e’s of u and o® are ;Cand

Y (xi — x)°

n

In the expression of A substituting the parameters by m.lLe’'s so that numerator and

denominator attains its supremum

-1 -
722(x1—x)2
)neZO'() i

RIS
R ANCT:

SE

1 L
Y(xi-x)? | V27

n
-y, S (xi-x)°
2. (xi — x) ool
=S| —— | n2e2e 27 Z2
2 0
Oy
)
—uon 2. (xi — x) —non
=e?u’k whereu=——k=n?2e?

o5

we

have



Now

z(xi—})z

2
ASAy="—F—<Cr=11_4 (-1
Co

Now size of the test =a = P[Re jectH ,/ Hytrue]= o

= P[A<A,/lo=0y]l=

> (xi—x)?
= P <114 (-Dl=a
Op
In practice to test the null hypothesis
> (xi—x)°
HO: o=0, against H1: <0, the mean is unknown i 5 is computed and compared
Oy

with the tabulated value Zl—az(" -1 .

Y (xi — x)?
That is we reject the null hypothesis if - > is less than ;(1_0[2 (n-1)
Op



