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Frequently Asked Questions

Define a chi-square variate. Write any one application of it.

“The square of a standard normal variate is called a chi-square variate with 1 degree of
freedom”.

That is, if X~ N(u, 6°), we define Z = (X - p)/o ~ N(0, 1), then Z* ~ ¥* with 1 d.f.

Thus in general, if X, X»,..., X, are n independent random variables, distributed as N(u;,

012), fori=1, 2,..., n, then the random variable x2 defined by

r-g2a]

is said to follow chi-square distribution with n d.f., with pdfis given by

f(F)=e et

2" Th/2

Write the properties of chi-square distribution.

2
e " 0=y <o¢

2
the random variable X ~ Xy d.f,then

Mean = n and variance =2n.
MGF = (1-2t)™*, provided [2t|<1.

Mode= n-2, forn> 2.

Sum of k independent chi-square variates with n; d.f. is a chi-square variate with

n=3, df

If X ~ %> with n d.f. and
Y~y withm d.f, then (X/Y )~B(n/ 2, m/2) and X / (X+Y) ~ P10/ 2, m/2).

Let X ~ U(0, 1), then Y=-2logX has y* with 2 d.f.
Derive the MGF of a chi-square variate. Hence find mean and variance of chi-square

variate.
By definition of MGF of a random variable X



M, (t)=E[e"] je“f(x)dx

Since X~ i’ distribution with n d.f. we have

My ()= ¢ 2n/mn/ze'ix”/2 Tdx 0 <x<oo;

:2n/2'1£n /2 je B2 gy ) <x<oo

1 /2
2"’ Ih/2[(1-2t)/2]"*

- M, ) =(1-2t) 2, iff | 2t<I.

(1)
Which is the required mgf of a chi-square distribution
Using binomial expansion for negative index, we get from (1)

n(2+ )(2t) ;(g+1)(g+§')...(;+r 1)

M, (t) :1+g(2t) Q).

Therefore,

t
/4 = coefficient of - in the expansion of My(t)
r!

257G +DGE+2)..G+r 1)
=n(n+2)(n+4)....(n+2r-2)

When r =1 then

/% = coefficient of ‘t’ in the expansion of My(t) = n = Mean
Whenr=2,
/«é = coefficient of t>/2’ in the expansion of My(t) = n (n + 2)

Variance = ,Lé - (,L4 )2

= n(n+2) - n*=2n.

. State and prove additive property of chi-square distribution.
The sum of independent y” variates is also a chi-square variate. That is, if X;



5.

(i=1,2....,k)are independent y* variates with n; d.f. respectively then the sum i3

is also a chi-square variate with n = kZ n, d.f
i=1
Proof:
Given X~y Distribution with n d.f. then by definition of mgf,

M )= - 2017, iff |2t|<1 and Vi=1,2,.k

Then by uniqueness theorem of mgf when X;’s are independent, we have

MZX_Z(t)=H M, (0 =[M, O]

i=1

=(1-20)] 2 x(1-2)] ™ .. x(1-2)] ™

e <.y

n.

d.f.

Kk
=1

Which is the mgf of a chi-square variate with n='i

Write applications of chi-square distribution.

Chi-square distribution has large number of applications some of which are as follows:

1.
ii.

iii.
1v.

V.

To test the significance of population variance 6°= 6¢°.

To test the goodness of fit.

To test the independence of attributes.

To test the homogeneity of independent estimates of the population variance.

To test the homogeneity of independent estimates of the population correlation
coefficient.

Let xy, X3, ..., X, be a random sample from normal population with mean p and
variance 62, then show that
i. X~N(u, <) and
ns? n 2
ii. — = E(Xi X) is a chi-square variate with (n-1)d.f. and i) and ii) are
i=1

independently distributed.



Ans: The joint probability differential of x; X, ..., X, 1s given by

1 no ﬁz()ﬂ _lul)z -
e i=1 dxldxzmdxn OO X; < 9 Vi= L,2,...,n.

o\N2xw

dP(X,.X,...X;) =(

Consider the transformation to the variables Yi(I = 1,2,...,n)by menas of a linear
orthogonal transformation Y=AX, where

all alZ . . aln
a21 a‘22 . . a2n
A=
_anl anZ ann |
In particular, a;;=a;>=.. .=a;,=1/\n
=>y,= (1/Nn)( X11 Xos ..., Xp)=V0 X (1)

Then dy1=\/n dx
It can be easily shown that the above choice of a;; aj, ....,a, satisfies the condition of

n
orthogonality, so that, Z ai? =1. Since the transformation is orthogonal, we have
j=1

2yE =2, =20% - )P 4+nx’= X - X)*+Y2, from (1)
1 1 1 1 1

i=1 i=1 i=1 i=1

= Sy =_n2(xi - X% )

i=2

S04- w7 = Do e x-w = K- 0T enR- = Sy en(i- a),

from(2)

Now |A’A|=]|l,]=1, and therefore the jacobian transformation J = +1. Thus the joint density

function of (X1, X2, ..., Xpn)is given by



dG LY, B 3 |dy, dy,...d
Y,... = e = .
(yl yz yn ) ( G\/Ej | | yl y2 yn

n

TG Xy
e =2 dy,.dy,...dy,

nx - w?
2
dxx

20

] (o/ﬁ)ﬂ ¢ (ﬁ]

Therefore, we have on simplification, we get
a(y,-Y,-Yse-Ye) = 9(Y,)-9(Y,.Y;--..Y,) => y1 and (y,y3,....yn) are independent

where g(y)) is the pdf of X ~N(z, <) and

Sy - S(x - x)* =ns® = (n—1)S?

2 o
nz ,, 2 22 2
yi/o =ns /o ~;((n_1)d.f.

are independently distributed. Moreover, icn

. IfX~ xz with n d.f. and Y ~ xz with m d.f., and X and Y are independent then show
that (X/Y )~2(n/ 2 , m/2).

Proof : Since X and Y are independent chi-square variates we have

1 x 1 y
f S I (i — VL | ERVRY e
%) 2" Th/2 2™ m/2 y' aed

1 _Owy)

ZZ(TPHTI)/Zl—h/Zl—m/z Txn/z 'lym/z _19 ng’y<oo

Consider the transformation, u = x/y and v =y then we have x =uvandy =v
The jacobian transformation J is given by

v u
0 1

3axy) _
qu,v)

Thus the joint pdf of random variables U and V is




_(1+ uyv

gu,v)= : e 2 Uy V™ J), 0=uv<oo

M2 /2T m/2
1 SO0 1 m24n/2 1
:2(n+m)/21—h/21—m/2e *u Vm 5 ()Su,v<oo

Now to get the maginal distribution of U we have to integrate g(u,v) w.r.t. v and thus,

1 121 Py A oins2 1
I=Srmrmyamat oV
1 n2 -1 e - oo o
= a2 FV &,

B 1 g2 I[(m/2+n/2)
B Z(mm)/zrh /2T m/ 2 ( % )m/2+n/2
1 un/2 -1

= 0 =<U<x
B(/2, m/2) (1+u)™*"?

Which is the pdf of a B,(n/2, m/2) variate, where
nm I'IxI'}
B(<,75)= n+ms -
2°27 I'(5%)
Thus, if X ~y*withn d.f. and Y ~y* with m d.f, and X and Y are independent then
(XY )~Ba(n/ 2, m/2)

. If X ~y* with n d.f. and Y ~ y* with m d.f., and X and Y are independent then show
that X/ (X+Y) ~Bi(n/ 2, m/2).
Proof : Since X and Y are independent chi-square variates we have



Y
2

fy)=—e X2 L hym gy ycor

— €
2" Th/2 2™ m/2
1 ey

n/2 -1, m2 -1
e 2 X
22T /2T m/ 2

y oo, 0=Xy<oo
Here, we consider the transformation in variables as

u=x/(x +y) and v = x +y then we have x=uv and y= (1-u)v
The jacobian transformation J is given by

jodxy) v

qu,v)

Thus the joint pdf of random variables U and V is

v 1 u

1 - n/2 -1 m2 -1
u,v)= e ’(u 1-uyv J|, 0=u<l,;0<v<o
OUV) = e (W)™ [a-u™
_ 1 e '%UH/Z -l(l_u)m/z _IV%H_I
™™o m/2

Now to get the maginal distribution of U we have to integrate g(u,v) w.r.t. v and thus,

1
22/ 2T m/ 2

v h+m

un/2 -1(1_u)m/2 1 (Jé EVE 1 dv

o=

B un/2 —l(l_u)m/Z— 1 F(ﬂizm)
27PN/ 2T/ 2 (1)

un/2 -l(l_u)m/Z—l ,O §u<1

o= e



Which is the pdf of a B1(n/2, m/2) variate, where
nm IIxI'T
B(5: %)= nm, -
22 I'=-)
Thus, if X ~ %> with n d.f. and Y ~ y* with m d.f., and X and Y are independent then
X/ (X+Y )~Bi(n/ 2, m/2).

9. If X~U(0, 1), then show that Y=-2logX has Xz with 2 d.f.

Proof: Given X ~U(0, 1), then f(x)=1,0<x<1.
Consider, y= - 2log(x) then x = ¢¥? => dx = ¥ (-1/2) dy.
Here, when x =0y = and whenx =1,y =0.
Therefore,
g(y) = fx).dx/dy| = (2) e

1
RE ey AL

which is a chi-square variate with 2 d.f. Thus, if X ~ U(0, 1), then Y= -2logX has x2
with 2 d.f.

10. State and prove limiting form of 3* Distribution.
Statement : Let X~ * distribution with n d.f. then for large n (i.e., as n-- > «) y*
distribution is asymptotically distributed as standard normal distribution

Proof : Let X~y distribution with n d.f. then
M, (t)=(1-20)] ™7, iff |2t|<]1.

The MGF of standard y* variate Z=(x-n)/N2n is
M,(H)=e "1 - t/2)]" iff |2¢<l.
Taking logarithm on bothsides of Mz(t),

Log M, (H)=—t,2 —g log(1-t,2),

n £2 £(2Y°
LogM,(t)= -t /2 +—|t2+—=+—|=| +
IV ’ 2% 2n 30

n



-t/o+tyn +§ +Q(n)

t’ _
logM,(0)=—-+0m) 2
Where O(n?) be the order of n containing n'? and higher powers of n in the

denominator.
2

- limlog Mz(t)zta

12
— lim M, (t)=e’,
n—oo
which is the MGF of a standard normal variate. Thus by uniqueness theorem of mgf, x>
distribution tends to normal distribution asymptotically. That is as n-- >, * distribution

tends to normal distribution.



