Frequently Asked Questions

. Write conditional mean of a continuous function g(X, Y) of discrete bivariate random

variable.

Answer:

Conditional mean value or expectation of a continuous function g(X, Y) given that Y=y, is
defined by

ELGO V1Y =y,1= g0,y JPX =X, 1Y =y,)

leg(xilyj)P(X =x;,NnY = yj)
P(Y =y;)

Define Expectation of Discrete random variable.
Answer:
The conditional expectation of discrete random variable X given Y=y; is given by,

EIX1Y =y;1=2 x;P(X =x;1Y =y;)
i=1
The conditional expectation of discrete random variable Y given X=x; is given by,

E[Y|X=X,-]:ZyjP(Y:Yj|X=X,—)
j=1

. Give the conditional variance of discrete bivariate random variable.

Answer:
The conditional variance of X given Y=y; is given by,

VIX |Y =y,1=El{X —E(X |Y =y, P} Y = y,] and

Conditional variance of Y given X=x; can be written as
VIY | X =x,1=E[lY —E(Y/ X =x,)°}| X = x,]

. Write conditional mean of a continuous function g(X, Y) of discrete bivariate random

variable.

Answer:

Conditional mean value or expectation of a continuous function g(X, Y) given Y=y is given
by,

I_Z g(x, y)fy (xy)dx
£, (y)

ELGX, Y)Y = y1= [ g(x,y)fy (x| y)dx =

. Write the conditional mean of continuous bivariate random variable.

Answer:
The conditional mean of X given Y=y is defined by,

[ xf (xy)dx o [yReGayday
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E[X|Y =y)]=

. Give conditional variance of continuous bivariate random variable.



Answer:

The conditional variance of X may be defined as,
V(X|Y=y)=E[{X-E(X|Y=y)}* |Y=y]

Similarly, the conditional variance of Y is,
V(Y|X=x)=E[{Y-E(Y|X=x)}* [X=X]

7. The expected value of X is equal to the expectation of the conditional expectation of X
given Y. Symbolically, E(X)=E{E(X]Y)} for discrete bivariate random variables.
Answer:

Consider, E{E(X|Y)} =E{TxiP(X=xi|Y=y))}

- PX=xinY=y))| _ PX=x,nY=y)) ~
] E{Z TR =) } - Z{Z{Xi PY =) HP(Y -

i j i
=D XP(X=x,nY=y;)= Z[x,{ZP(X =xinY = yjH
i J i J
= inP(X = Xx;) = E(X)
8. The expected value of X is equal to the expectation of the conditional expectation of X
given Y. Symbolically, E(X)=E{E(X]Y)} for discrete bivariate random variables.

Answer:
Consider

- f(x,y)
E{E(XlY)}:E{[wxf(xly)dx} {j x f)Zy); d}

- {j‘” ’ f(x( y))dx}fy(y>dy= [ oy )y ix

= j_”; xf, (x)dx = E(X)

9. The variance of X can be regarded as consisting of two parts, the expectation of the
conditional variance and the variance of the conditional expectation. Symbolically,
V(X)=E[V(X]Y)]+V[E(X|Y)]

Answer:

Consider E[V(X]Y)]+V[E(X]Y)]
=E[E(X|Y)-{E(X|Y)}* I+E[E (XIY)PI-E{EXY)
=E[E(X*|Y)]- -E{EXV} BRI E{E(XIY)}P
=E[E(X°|Y)]H{E(X)}*

= E{Z X?P(X =x;|Y = yj)} - ECOr
PX=xNnY=Y;)

- "R e o

- z{xfz PX=xNY = yj)} —fEXF = 2 XIP(X = X) - EOF

=E(X*)-{E(X)}*=V(X).




10.

11.

12.

Hence, the theorem.

Let A and B be two mutually exclusive events, then

E(X | AUB) = PIAJE(X] A) + P(B)E(X | B) Where by definition

P(AUB) |
1
EOX1 ) = 5oy X;xip(x = %)
Answer:
E(X | AUB) = m 3 xP(X = x,)

Since A and B are mutually exclusive events,

D XP(X =x)= D xP(X =x)+ > xP(X =Xx,)

x;e AUB X;e A x;eB

- E(X | AUB) = P(A1UB) [P(A)E(X | A) + P(B)E(X | B)]

Show that E(X) = P(A)E(X | A) + P(A)E(X | A)

Answer:
We know that,
1
- E(X | AUB) = P(AE(X | A)+P(B)E(X | B
(X ) P(AUB)[()(l) (B)E(X | B)]
If we put B = A in the above theorem, we get,
— 1 J— J—
E(X | AUA) = —|P(AE(X | A)+ P(AE(X | A
(X | )P(AUA)[()(I) (AEX | A)]

= E(X) = P(A)E(X | A) + P(A)E(X | A)

Given two variables X and Y with joint density function f(x,y), prove that conditional mean
of Y given X coincide with unconditional mean only if X and Y are independent.

Answer:

Conditional mean of Y give X is given by,

E(Y | X) = j"; yf(y | x)dy , where f(y|x) is conditional pdf of Y given X=x, which is given
by, f(y[x)=f(x,y)/f(x)

« f(XI Y)
= LSAT 241V 1
Hence, E(Y | X) Ly{ f(x) } y 1)
Unconditional mean of Y is given by,
E(Y)=[ yfy)dy---——--——-———- @)

From (1) and (2) we conclude that the conditional mean of Y given X will coincide with
unconditional mean of Y only if

fOOY) _ ey = f(x,y) = FOFCY).
f(x)

i.e.,, X and Y are independent.



13. Let f(x, y) =8xy, O<x<y<1; and zero elsewhere. Find E(Y|X=x), E(XY|X=x), V(Y|X=X).
Answer:
First let us find the marginal pdf of given distribution of X

f ()= J'Xl f(x,y)dy = SXL1 ydy =4x(1-x),0<x <1
Conditional pdf of Y given X is given by,

f(x,y) _ 2y
f X) = = 0 <x 1
vx (Y [ X) £ 1-x <X<Yy<
1 [ 2y 211-x3| 2|1+x+x?
E(Y | X=X)= dy == e AR A
(1 X) Ly{l—xz}y 3{1—%} 3[ 1+x }
x(1+ X + x2)

E(XY | X = x) = XE(Y [ X = x) = 2
3 1+x

To find V(Y|X=x), first let us find the E(Y?|X=x).
2y 1/1-x*| 1+x?
EY2 [ X=x)=[y—Y ldy== -
0 1x =3 = [ v 2 2[1_)(2} s
AVOY [ X = %) = E(Y? | X = %) = [E(Y | X = )T
_1+x2 4@+ x+x*)?
2 9 (1+x)

14. Let f(x, y)=21x%y*, O<x<y<1 and zero elsewhere be the joint pdf of X and Y. Find the
conditional mean and variance of X given Y=y, O<y<1.
Answer:
Given f(x, y)=21x?y®, 0<x<y<1 and zero elsewhere. Marginal pdf of Y is given by,

fly) = [} FOx,y)ax = 21y [ xdx = 7y

Therefore, the conditional pdf of X given Y is given by,

f(x,y) 21x*y’ x*
fix|y)= = =32_:0<x<y0<y<l
f,(y) 7y° y’

Conditional mean of X is,
E(X|Y=Y)=Iyxf(xly)dx =ijyx3dx:3—y'0<y<1
0 y? 4’

To find variance, let us find,
E(X? 1Y = y) = [ X*F(x | y)dx =ijyx4c/x=iy—5 30 cy <
_y - 0 y y3 o y3 5 5 /

3 9 3
S VXIY=y)=EXY=y)-[EXY=y)P =2 y> - —y> = —y*0< y <1
(XY=y)=E(X"[Y=y)-[E(X|Y=y)] Sy 16)/ 80)/ y



15. Let X and Y be two random variable each taking three values -1, 0, 1 and having the

following joint probability distribution, find V(Y|X=-1)

X

-1 0 1 Total
Y
-1 0 0.1 0.1 0.2
0 0.2 0.2 0.2 0.6
1 0 0.1 0.1 0.2
Total 0.2 0.4 0.4 1.0
Answer:
We know that,

V(Y[X=-1)=E(Y?|X=-1) -[E(Y|X=
E(Y|X=-1)= Zny(Y y,X=-1)=(-
E(Y?X=-1)= Zyy P(Y=y,X=-1)=
~V(Y[X=-1)=0

-1)P?
)0 +0(O 2)+1(0)
]

1 0
(-1%)0+0%(0.2)+

z(0)=o




