Frequently Asked Questions

1. Define normal variate.
Answer:
A random variable X is said to follow normal distribution with parameters p and o? if its pdf is

A=)
o2z

2. Define standard normal variate.

Answer:

If X~ N(u, 6, then Z=(X-u)/o is a standard normal variate with E(Z)=0 and V(Z)=1 and we
write Z~N(0,1)

given by, f(x) =

e ;—0 < X < o00,—00 < [l <o0,0 >0

3. Show that ®(-z)=1-®(z), z>0.
Answer:
O(-2)=P(Z=-2)=P(Z222)=1-P(Z<z)=1-D(2).

4. Provethat P(@< X <b) = CID(b j— q{a — ﬂj where X~N(u,0%)
o
Answer:

P(a< X <b)= P( —H <z
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5. State the conditions under which binomial distribution tends to normal distribution.
Answer:
Binomial distribution, which is discrete, tends to normal distribution under the following
conditions:

e n, the number of trials is indefinitely large, i.e. n—eo
e Neither p nor q is very small

—P(Z<

6. Obtain mode of the distribution.

Answer:
Mode is the value of x for which f(x) is maximum, i.e. mode is the solution of f(x)=0 and
7(x)<0

For normal distribution with mean p and standard deviation o,

1
logf(x) = =log——,constant
o2z
Differentiating w. r. t. x we get, —f (x) = —(x 1)

f(x)
F(x) =?(X—ﬂ)f(x) and f"(x) = —?[l-f(x)+(x—#)f'(x)]

_f()z() [1+ (X _zlu)z]
o o

f(X)=0=X-pu=0=x= p.



1 1
At the point x= y, we have f"(x) = ——[f(X)],_., = ——
o’ “ o’ o2

Hence x= p is the mode of the normal distribution.

7. Find median of the distribution.

Answer:
If M is the median of the normal distribution, we have,
(X ,U)Z 1
f(x)dx = e dx =
J. O-\/_ —o 2

_(x=p) _(x=p)

1 2 1 2 1
=>——0 e ¥ dx+——— e % dx=-
oN27 L" oN2T L 2
1 o = 1
e dx = e 2dz=—
/ J- 127.[ .[m 2
(x-u) l _(x-p)
Hence, by substitution, — 'f e 2 dx=— I e 2 dx=0

0'\/ 2 0'\/
i.e. u=M
Hence for normal distribution Mean=Median=Mode=.
8. Derive mgf of normal distribution.

Answer:
The mgf is given by,

1
I
j ee 2 dx

1
0'\/_ o

1 t(u+to) 2 )y X—Hu
_ “e e dz zZ=—"

1, ,
1 o ——(z7-2toz)
=et"—je2 dz = e —

ey

tu+tc? /2
:e'u /

M, (t) = j_”; e*f(x)dx =

r ~z-atr -}
\/_

m _7(2 ot)’ tu+t’c? /2

——(u)z
dz=¢e

\/_j \/_j du,(u=z-ot)
_ et,u+tzo'2/2

9. Write the mgf of standard normal from the mgf of normal distribution.
Answer:

If X~N(, 02), then My(t) = e+ /2
Standard normal variate is, Z (X- w)/o and its mgf is given by,
Mz(t)=e-t wlo Mx(t/O') — e—t,u/oe(t/a)y+{(t/o-)20-2}/2 — etz /2

10. Find Cumulant generating function of normal variate.
Answer:

Cgf is given by, K x(t)=log Mx(t) = log(e®*t*" /) = tu + t*c* /2

11. Write the nature of normal distribution.
Answer:



2
TR _M _ My _
For normal distribution, 8 == =0,8,=— =3
2 2
Hence, normal distribution is symmetric and has normal curve or mesokurtic curve.

12. Obtain the expression for central moments of normal distribution.
Answer:

It can be easily obtained by using moment generating function about mean.
We know that

My () = e
= M,_,(t) = e "M, (t) = e tugturt’a’ /2 _ gt'c’ /2
2 .2 2 ) 3 - \
t'e’ /2] (t’*/2) (Po’/2)
2 3 n

:1+(t20'2/2)+(

The coefficient of t/rl in the above expression gives y;, the r'™ moment about mean. Since
there is no term with odd power of t in the above expression, all odd order moments about
mean vanish.

That iS, |J2n+1=0, n=1, 2,

And pan=coefficient of t2"/2n!

_ o x(2n)! _ 20;2;' [2n(2n -1 (2n -2)(2n - 3)...5.4.3.2.1]

2"n!
_o” [1.3.5....(2n = 1)][2.4.6...(2n — 2)2n]
2"n
_o” [1.3.5....2n = 1)]2"[1.2.3...n]
2"n

=[1.3.5....2n - 1)]o*"

13. Find points of inflexion of normal distribution.

Answer:

At the point of inflexion the normal curve, we should have f’(x)=0 and f”’(x)#0
For normal distribution with mean p and standard deviation o,

1 1

logf(x)=c- X — u)*,c =log——,constant
gf(x) 202( 1) ga\/ﬁ

1 1
Differentiating w. r. t. x we get, ——f'(x) = —(x -
g g ) (x) 62( i)

F(x) = Gi (x - ©)f(x) and F"(x) = —§ [1(x) + (x = 1)F' ()]

0y, -y

_ 2
f”(x)=0,:>[l+M]:0:>X=,ui0'
()

It can be easily verified that the points x=pta, f”(x) #0. Hence the points of inflexion of
the normal curve are given by, uto

14. Obtain mean deviation about the mean.
Answer:



For a normal distribution, we know that mean=median=mode=ju. Hence mean deviation
at u is given by,

MD =" | x-u| F(x)dx = | X — p | € /27 gy

1 [
0'\/% o

o r -z2/2 X - U 20 =~ -z7/2
= — Zle dz,| z = = Z|e dz
[z [2=224)- 22

Since in [0, ], |z|=z, we have

M.D = G\E r ze ¥ ’dz = G\P j Tetdt,(t =2%/2)
/4 0 T 0

[2]et] [2 4
=0,— =o0,|— =—o(approx.)
V.4 T 5

0
15. Obtain the distribution of linear combination of normal variates.
Answer:

Let X, i=1, 2 ... n be n independent normal variates with mean p; and variance o7
respectively. Then Mx,.(t) _ etﬂi+t'0',-/2

e—t

-1

The mgf of their linear combination Xa)X;, where aj, a,, ...,a, are constants, is given by
MZa,-x,- (t) = ,-H:IMa,-Xf (t) = Mxl(alt).sz (azt)...MXn (a,t)
Using the mgf of normal distribution, let us obtain mgf of

wait+tiatct /2
Ma,-x(t) = MX(ait) =€
Therefore
. e+ S (a0 /2
at+t’alol /2 2.2 2 2.2 2 {Za’”’} {Z i i } . .
Mza_x_ (t) — eﬂ1 t+taog eyzazu-t azaz/Zu.e,u,,a,,Ht anon /2 = el =l , which is

the mgf of a normal variate with mean Laju; and variance Zac?.
Hence, by uniqueness theorem of mgf, ZaX; ~N(Zau;, £a’c?).



