Frequently Asked Questions

1. Write the expression for marginal expectation of discrete bivariate data.
Answer:
For discrete bivariate data, marginal expectation is given by,

E(X)=Zx.p(x), where p(x) is marginal distribution of X

E(Y)=Zy.p(y), where p(y) is marginal distribution of Y.

2. Write the expression for finding the marginal variance of the bivariate distribution.
Answer:
V(x)=E(X)-[E(X)]? and V(Y)=E(Y)*[E(Y)]?, E(X) and E(Y) are marginal expectations.

3. Give an expression for Conditional expectation of discrete random variable X given Y=y;
Answer:
Conditional expectation of discrete random variable X given Y=y; is given by,

EDXIY = y,1= 2 xPOX =%, Y =Y))

4. Give an expression for conditional expectation of discrete random variable Y give X=xi.
Answer:
Conditional expectation of discrete random variable Y given X=x; is given by,

EY X =x]= 2 y,PO =, 1X =)

5. Write an expression for conditional variance of bivariate distribution.
Answer:

VIX 1Y =y, 1= E[X -EQX Y =y Y)Y =y,]

VIY 1 X = x1=ERY —EQY /X = %) X =x]

6. Two random variables X and Y have the following joint probability density function.
f(x,y)=k(4-x-y);0=x<2, 0<y<2. Find constant k, E(X), E(Y).

Answer:
Since f(x,y) is a pdf, [[f(x,y)dx dy=1

k[* [ (4 dxdy =1= K[°(6—2y)dy =1 = K(8) =1 = Kk =
[, @-x-y)xdy =1=k[/(6-2y)dy =1= k@ =1=k =2

Before we find Expectation and variance, we find marginal distribution of X and Y.
Marginal distribution of X is given by,

f(x)—1j2(4—x-y)dy—1(6-2x)—3(3—x)-o<x<2
g 8 4 T
Marginal distribution of Y is given by,

1 1 1
f ==l (4-x-y)dx==(6-2y)=—B-y)0<y <2
=5 ( y)dx = 2 (6-2y) =, (3-¥)0<y

Now, let us obtain Expectation.
E(x) = [ xFOdx == [*x(3 - x)dx =
(x)—Lx (x) X—ZL X(3 - x)dx =

2 1 ¢2
EQ) = [ yf(y)dx =2 ['yB-y)dy =



7. Two random variables X and Y have the following joint probability density function.

f(x,y)=(4-x-y)/8;0=x<2, 0<y<2. Find V(X), V(Y) and Cov(X, Y).
Answer:
Before we find variance, let us find marginal distribution of X and Y.
Marginal distribution of X is given by,

PO =2 [[(d-x-y)dy = 2(6-2x) = S (3-x)0<x <2
g o 8 4 T
Marginal distribution of Y is given by,
1 ¢2 1 1
F) =5 (¢-x-dx=26-2y)=,@-)0<y =<2
To find variance, first we find expectation of X and its square.
2 12 5
E(X) = jo xf O)dx =7 jo X(3 - x)dx = o
2 1 ¢ 5
EQy) = [ yf(y)dx = [[yG-y)dy = ¢
E(X?) and E(Y?)
N[22 12, _ .
E(X?) = jo x2f (x)dx _ZL x2(3 - X)dx =1

B = [[y*f()dy =3 [[y*G-y)dy =1

Variances are given as follows.

V(X)= E(X)-{E(X)Y =1-(/6)’=""136

V(Y)= E(Y)HE(Y)Y =1-(le)*=""/ss

We know that Cov(X,Y)=E(XY)-E(X)E(Y)

We have already found E(X) and E(Y). Now let us obtain E(XY).

E(XY) = [ [ xyf(,y)dxdy =%j: U X(4 — X — y)dx}dy_—j (——Zyjdy
Hence Cov(X,Y)= /5 —(%l6)(°le)=-"136

8. X and Y have a bivariate distribution given
P(X =x Y =y)="" 43y :(x.y) = D), (1.2),(21),(2.2). Find E(X), E(Y).
Answer:
First let us obtain marginal distribution of X and Y.
Marginal distribution of X is given
2
P(X =X)=Zx+3y _ x+3.1+x+3.2 _ 2X+9;x=1,2
24 24 24

y=1
Marginal distribution of Y is given by,
X + 3y 1+3y N 2+3y 3+6y_y

P =12
¥ =y)= XZ; 24 24 24
Now let us find the expectations.
2 2
E(X) = Y xP(X = x) = 3 x 22X *2
x=1 x=1 24
1« 2'1+9+2x 2.2+9 _1x 11 Lo 13 37

24 24 24 24 24

2
3

by

by



2

E(Y) = Zy(P(Y =2y 3+ 0y

24
:1X3+6.1+2X3+6.2 :1Xi+2 15 39 E
24 24 24 24 24 8
9. X and Y have a bivariate distribution given by
PX=xnY =y)= a ;fy (X, y)=(@1D,12),(2),(2,2). Find E(X), E(Y), V(X),
V(Y) and Cov(X,Y).
Answer:
First let us obtain marginal distribution of X and Y.
Marginal distribution of X is given by
2
P(X :X):Zx+3y _ x+3.1+x+3.2 2x+9 X =12
vy 24 24 24 24
Marginal distribution of Y is given by,
y) = Zx+3y 1+ 3y N 2+3y _ 3+6y;y _12
v 24 24 24
Now let us find the expectations.
2
E(X) = ZXP(X — ) = Z szg
1y 2.1+9+2>< 2.2+9 s 11 Lo 13 37
24 24 24 24 24
2, 3+ 6
E(Y) = Zy(P(Y =2y Y
:1X3+6.1+2X3+6.2 :1Xi+2 15 39 :E
24 24 24 24 24 8
Before finding the variance, let us find E(X?) and E(Y?)
2
E(X?) = szp(x = x) = Z x? ZXZZQ
:12X2.1+9+22X2.2+9 1x 11 LA 13 63:§
24 24 24 24 24 8
2, ,3+6
E(Y?) = ZyZP(Y =2y o
:12X3+6.1+22X3+6.2 :1Xi+4 15 69 :é
24 24 24 24 24 8

V(X)= E(X2)-{E(X)Y* =2"/g~(*"/24)"=0.2483
V(Y)= E(Y?)-{E(Y)}* =*/g-("*/s)*=0.2344
To find cov(X, Y), let us find E(XY)

E(XY):Zz: 2 XyP(X =xNY =Y)=Zz‘,22:xyx+3y

x=1y=1 P var) 24
2 2, X +3 2 x+3.1 x+3 2
ZX[Zy yJ zx(l' 24 J
x=1 \y=1 x=1

_ZZ:X 3x +1 31+15 232+15 __E
= 24 24 24 24~ 2



Hence covariance

Cov(X, Y)=E(XY)-E(X)E(Y)
-5 37 13
="l = ["/2a . "lg]
=-0.0052

10. Let f(x, y)=8xy, 0<x<y<1; and zero elsewhere. Find E(Y|X=Xx).
Answer:

First let wus find the marginal pdf of
f,.(X) = Ll f(x,y)dy = 8xj: ydy =4x(1-x),0<x <1
Conditional pdf of Y given X is given by,

f(x, 2
fox (Y I X) = y) _ Y

given  distribution of X

> 0<x<y<l1

f(x) 1-x
1 [ 2y 2/1-x®| 2[1+x+x°
E(YIsz)zjxy{l—xz}dyzg[l—xz}=§[ 1+Xx }

11. Let f(x, y)=8xy, 0<x<y<1; and zero elsewhere. Find E(XY|X=x).
Answer:

First let wus find the marginal pdf of
f,(X) = rf(x, y)dy = 8xrydy =4x(1-x),0<x<1
Conditional pdf of Y given X is given by,

given  distribution of X

fx.y) 2y .
f X) = _ 0 < x 1
Y|X(y I ) fX(X) 1 _ X2 < < y <
t 2y 211-x3 21+ x4+ x2
(1= = [y 2y SL_XZ} 3{ X }
2
QXY 1 X = x) = xECY | X = ) = 2XLx )
3 1+x

12. Let f(x, y)=8xy, 0<x<y<1 and zero elsewhere. Find V(Y|X=x).
Answer:

First let wus find the marginal pdf of
f,.(X) = Ll f(x,y)dy = SXI: ydy =4x(1-x),0<x <1
Conditional pdf of Y given X is given by,
fxy) 2y
f X) = =
ix Y 1X) £00  1ox

1 [ 2y 211-x®| 2[1+x+x°
E(Y'XzX):fxyL_xz}dysz_xz}=§{ﬁ}

To find V(Y|X=x), first let us find the E(Y?|X=x).
4 2
E(Y2|X=X)=J'le2|: 2y :|dy=l|:1 X:|=1+X

given  distribution of X

s 0<x<y<l1

1-x? 211-x? 2
AVEY X =x) = E(Y2 | X = X) = [ECY | X = )T
C14+x2 4@+ x+x%)?
T2 9 @+x)?




13. Let f(x, y)=21x%>, 0<x<y<1 and zero elsewhere be the joint pdf of X and Y. Find the
conditional mean of X given Y=y, O<y<1.
Answer:

Given f(x, y)=21x%*, 0<x<y<1 and zero elsewhere. Marginal pdf of Y is given by
f, (y) = onf(x,y)dx = 21y3J.0y x?dx = 7y°
Therefore the conditional pdf of X given Y is given by

f(x,y) 21x%° x?
f(x|y)= = =3—;0<x<y0<y<l1
f.@y) 7y’ y’

Conditional mean of X is

EQXIY =y) = [ xF(x | y)dx :%onxsdx:STy;0<y<l

14. Let f(x, y)=21x%">, 0<x<y<1 and zero elsewhere be the joint pdf of X and Y. Find the
variance of X given Y=y, 0<y<1.
Answer:

Given f(x, y)=21x%® 0<x<y<1 and zero elsewhere. Marginal pdf of Y is given by
f, (y) = onf(x,y)dx = 21y3j'0y x?dx = 7y°
Therefore the conditional pdf of X given Y is given by
2y ,3 2
f(x|y) = fix.y) _ 21X2/ :3X—3;0<x<y;0<y <1
() 7y y
Conditional mean of X is
_ _ Yy . 3 Y 3 . 3y .
E(xw_y)_jO xf (x | y)dx _FL xidx = Z-0 <y <1

To find variance, let us find,

5
E(X2|Y =vY) :J'nyzf(x|y)dx =%Lyx4dx =%y?=§y2;0<y <1

SVIXIY=y)=EQCY=y)-EXY=y)P = —y* - —y° = —y*0<y <1

15. Let X and Y be two random variable each taking three values -1, 0, 1 and having the
following joint probability distribution, find V(Y|X=-1)

-1 0 1 Total
X
-1 0 0.1 0.1 0.2
0 0.2 0.2 0.2 0.6
1 0 0.1 0.1 0.2
Total 0.2 0.4 0.4 1.0
Answer:
We know that V(Y|X=-1)=E(Y?|X=-1) -[E(Y|X=-1)]?
E(Y|X=-1)=3,yP(Y=y,X=-1)=(-1)0+0(0.2)+1(0)=0
E(Y?|X=-1)=3,y*P(Y=y,X=-1)=(-1%)0+0%(0.2)+1%(0)=0

~V(Y[X=-1)=0



