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and
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It is not always possible to find exact solution of differential equation. So, we
need to find another tool to obtain approximate numerical solution. The finite difference
method is one such tool. When the variable time is to be treated as discrete, we use
difference equation.

In this talk, let us discuss a few elementary concepts concerning finite difference.
Finite Differences:

Consider, a function y = f(x). The derivatives of f(x) is defined as

m fx+A)-f(x) _ Iimﬂ
Ax—0 (X+AX)—X Ax—0 AX

Let Dx be a fixed quantity. Then, write above equation as
S (x+Dx)- f(x)=y(x+Dx)- y(x)=Dy(x)

A is the operator acting onyand it is known as a difference operator. The fixed
quantity Ax is called the difference interval.
Thus, we have a relationship

Ay(X) = y(X+ AX) — y(Xx) (D
which means that we take a difference interval Axfrom the point x and find the
difference between two values of y at the points x and x+Ax.
This denotes that the distance between any two consecutive points in the domain are a
finite distance apart. Consider this finite distance to be a constant h.

Thus, if we have one point x and Ax=h then the points x,x+h,x+2h,... forms an

arithmetic progression.




If h=1, the successive points starting from x will be

X, X+1LX+2,...
Ay of equation (1) is A%y(x) =Ay(x+h)—Ay(x) called the second difference. Repeating

the process, we have
A(Ay(x)) = Ay(x+h) — Ay (x)

or  A%y(x) = Ay(x+h) —Ay(x)
which is known as the second difference. This is usually written as
A*y(x) = Ay(x+h) - Ay(x)
Now, Ay(x+h)=y(x+2h)-y(x+h)

So A?y(x) = y(x+2h) = y(x+h) — y(x+h) + y(x)
’ = y(x+2h)-2y(x+h)+ y(x)

Similarly,
A(A%Y(X)) = y(x+3h) =3y(x+2h) +3y(x+h) - y(x)

In general,

D'y(x)=(- 1)0[ g ]y(x +nh)+(-1l( '; jy(x +(n-Dh)+..+(- 1)”'{ nn . ]y(x +h)+(-1)" y(x)..(2)
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Example 1. Find the first difference of y(x) =x* when x=2.

Solution:

Ay(x) = y(x+1) - y(x)
=y(@)-y(2)
=32 22
=5




Example 2. Find the first difference of function y(x)=x(x-1)at x=3
Solution:

y(x) = x> =X
Ay(x) = y(x+1) - y(x)
=y(4)-y(@)
=47 _-4-3"+3
=16-4-9+3
=16-4-9+3
=6
From equation (2), we can write
y(x+1) = y(x) +Ay(x)
y(X+2)=y(x+1)+Ay(x+1)
= Y(X)+ Ay (X) + (Ay(x) + A%y (X))
= Y(X) + 2Ay(x) + A%y (X)
y(x+3) = y(X) +3Ay(X) +3A%y(X) + A’y (X)

In general,

y(x+n)=y(x)+( " JDy(x){ " JDZy(X)+---+( " JD"'ly(X){ " ]D’y(x)
1 2 n-1 n

2. Some Operators
i) The operator A is defined as
Ay(x) = y(x+1) - y(x)

A?y(X) = Ay(x+1)—Ay(x) and so on.
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ii) The operator E

The operator Eis defined as

Ey(x) = y(x+h)
For h=1,
Ey(x) = y(x+1)
E*y(x) = E[E(y(X))]
=E(y(x+1))
=y(x+2)

In general,

E"y(x) = y(x+n), n=123,...
For n=0, E°y(x) = y(x).

iii) Relation between A and E

Ay(x) = y(x+1) - y(x)
=Ey(x) - y(x)
=(E-D)y(x)

L A=E-1

Foranyn,

Ay(x+n)=y(X+n+1)—y(x+n)
=Ey(x+n)—-y(x+n)
=(E-1)y(x+n)

SA=E-1

iv) The relation E =e®

Taylor series expansion is

fu+h):f(@+hroo+%§fxn+_.
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= y(x+h)=y(x)+ hy'(x)+%y"(x)+...
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Denote & - D,d—2= D?,
dx dx

Then for h=1, we get

y(x+1) = y(x) + Dy(x) +% y(X) +...

2

=@Q+D +%+...)y(x)

=e”y(x)

But,

y(x+1) = Ey(x)
- Ey(x) =e”y(x)
= E=e"=(1+A)

3. Difference Equations

Difference equations are similar to differential equations.

An equation which shows the relation between the independent variable x, the
dependent variable y and its finite difference is known as difference equation.
Order of difference Equation

The maximum difference of the difference intervals of the equation defines
order of a difference equation.

y(x+3)+y(x+2)—y(x)=x (order 3)
Because,

y(x +3)= y(x)+3Dy(x)+3D°y (x)+D’y (x)
y(x+2)=y(x)+2Dy(x) +D’y(x)

Substituting in above equation, we get

2y(X) +5Ay(X) + 4A%y(X) + A%y (x) — y(X) = X
2 Y(X) +5AY(X) +4A%Y(X) + A%y(X) = X




This, establishes that the order of the equation is 3 which is the highest difference.
New notation:

For simplicity, we will write

y(X+3) = yx+3
Then, the above equation can be written as

Yz T Y2 =Y =X

4. Solution
Consider the difference equation
Yen— Y, =N, Xx=012,..(2)
A function y of x is a solution of a difference equation, if every value of
y satisfies the difference equation for all values of the independent variable x.

Let y, =x (2

Then for x+n,

Yiin = X+0N

Substitute in the difference equation (1)
LHS =(x+n)—x=n=RHS

The function (2) satisfies the difference equation (1) for x=0,12,...

So, the function (2) is a solution of (1).




Consider the function y,_=x+k,kis a constant.
Substituting in (1) gives
LHS = (x+k+n)—(x+k)=n=RHS
-.(3) is a solution of (1). In fact, (3) is the general solution and (2)is the particular
solution when k=0. Graphically, (3)gives us a family of straight lines parallel to y=x.
This means given a point on the graph, all the other y- values will be uniquely
determined for every x that is considered. Equivalently, the function yis uniquely
determined.
Consider a second order linear difference equation as
Yz = 4y T4y, = 2X.
When two vy - values are given for two consecutive x - values, there is one and only one
solution y for every value of x.
Theorem: For a linear difference equation of order n, when n y - values are given for n
consecutive x- values, there is one and only one solution y for every value of x that is
being considered.
Note: The theorem is stated for linear difference equation.
Note: When a solution of the difference equation that satisfies the given initial condition
IS obtained, it is unique.
5. Homogenous linear difference equation with constants coefficients
The general form of a homogenous linear difference equation with constant coefficients

of order n is
yx+n +Alyx+n—1+"'+A\1—1yx+1+Aqyx =0 (1)

Set y, = p* where g is constant.
Then equation (1) becomes (8" +AB" " +..+ A)B* =0. " +AB " +..+A =0 is called the

auxiliary or characteristic equation.




The roots of this equation will be solution of (1).

The general solution is

Yy, =CB +CL6 +..+¢.B ..(2)

where c,c,,...,c, are arbitrary constants.

Case 1. Linear homogenous difference equation with constant coefficients of the first

order.
yx+l_A1yx =0
ﬂx+l_Aiﬁx :O
Let y =p*.Then= g*(f-A)=0
=f=A

Thus, the solution of the difference equation is y _=c,A*.
Example: Solve y , -2y, =0.

Let y_=p*.Then the characteristic equation is

ﬂxﬂ_zﬂxzo
= f'(f-2)=0
= p=2

Thus, the solution is y_=c 2*.

Case 2. Linear homogenous difference equation with constant coefficient of order 2.
The form of the equationis vy, , +Ay,.,+Ay, =0

With substitution y_= g, the auxiliary equation is p>+Ap+A, =0.
We need to discuss three different cases depending on the roots.
5.1 When the two roots g, and s, are real and distinct.

The solution is y =c 8* +c,B,".

Example: Solve and check y, , -7y, +12y =0.

Solution: The auxiliary equation is




B -T7B+12=0
B=3.p,=4
Therefore, the general solution is y, =¢ 3 +c,4".

Check:

Y2 = (:12X+2 +C, 4
=4c,2" +16¢,4"
6y,,, = 6c 2" +6¢c,4"
—12¢,2" + 24c, 4"
8y, =8¢, 2" +8c,4"

LHS of given equation
=4c¢ 2" +16¢,4* —12c,2* —24c,4* +8¢, 2" +8c,4* =0=RHS
5.2 When two roots are equal.
The solution is
Yy =GB +CXxB"
If the order of the difference equation is 3 and all the roots of the auxiliary equation are
equal, then the general solution is
Y, =C B +CXB" +C X B
Note: Solutions for higher order equations with equal roots can be obtained in a similar
way.
Example: Solve y,.,-6y,,,+9y, =0
Solution: The auxiliary equation with substitution y, = g*is
B> -64+9=0
Then roots are g =4, =3.

The general solution of the difference equation is y_=c,3* +c,x3".
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Note: When the auxiliary equation of order three has two of the roots to be equal then

the solution is

Yy =CB +CB" +CX By
Example: Solve y -5y, ,+8y,.,—4y, =0.
Solution: The auxiliary equation is

B -5p°+88-4=0
= (B-)(-2)*=0
= p=1L5=p=2

Thus, the solution is y, =¢ +c¢,2* +¢,x2".
Case 3. When the roots are conjugate complex numbers:
Let the roots be

P =a+ib=r(cos@+isinb)

b,=a - ib =r(cosq- ising)

where r=+a?+b? ,0= tan’lE

a

The solution is
Yo =B +d, 5

where d, and d,are complex conjugates.
Let d,=m+in,d,=m—in

d,5 =d,r*(cos@+isin@)* =d,r*(cosx-+isinox)

d,B," =d,r*(cos@x—isinox)
Thus,

y, =r*[(d,+d,)cos&x+i(d, —d,)sin &x] = r*[c, cos Ox +c, Sin 6x]

c,=d, +d,=2m
c, =i(d, —d,)=-2n

where

11




Thus,c,and c,are real numbers and we have vy as a real number.
Example: Solve y _+2y  +4y =0
Solution: The auxiliary equation is
LP+2B+4=0
The roots are g, =—1++/3i, 8, =-1—+/3i

i.e. a=-1 b=+/3

Thus, r=2 0:2?7[

So, the general solution is y, =2 (cl cos%+czsin 2—’;()

6. Geometrical Interpretation of Solution

We have seen that when g = g, , the solution is y _=c 8 +c,B3,*
As ¢, and c, are constants, the nature of y when x-—odepends on the values
of 5, and B, . The larger one will determine the behaviour ofy, .Let g be the larger

root.
1) Whenc, >0,4>1 the graph is

Y-AXis

X-AXxis

i) When ¢, >0,0< B,<1 the curve is
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Y-AXIs

X-AXis

Iil)When ¢, >0, -1< B8<0 the curveis

IV) Whenc, >0, f<-1 the curve is
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V) When roots are complex andr >1, we get explosive oscillations as

N
N \/

vi) For r =1, the curve is simple harmonic as

AN
N N
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vil)  For r <1, the curve is damped oscillations as

/\ N
" 7

Summary
» A difference equation is an equation that contains a dependent

variable, independent variable and its finite difference.

» The maximum difference of the difference intervals of the
equation is the order of a difference equation.

» A function y of x is called a solution of a difference equation if
every value of y satisfies the difference equation for all values of
the independent variable x.

» General solution of the difference equation is sum of

homogeneous solution and particular solution.
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