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Mathematics 

Lecture 6 

In this lecture we are going to see the three dimensional analytical geometry.  In the three 

dimensional analytical geometry we are going to see the Co-planer lines, Shortest distance 

between skew lines and finally the summary. 

Co-planer lines: 

We know two lines or a set of lines that lie on the same plane is called co-planer lines.Here both 

the lines may be in a symmetrical form or only one line can be symmetrical form and other will 

be in non-symmetrical form. And both lines may be in the non-symmetrical form. First we will 

see the both lines in a symmetrical form. 

When both lines are in symmetric form: 

To obtain the condition that two lines may intersect and the equation of the plane in which 

they lie. Let the equation of two lines be given by, 
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The equation of a plane through the line (1) is 

)3(0)()()( 111   zcybx  

Where  )4(0111  cnbmal  

If the line (2) lies in the same plane then the normal of this plane is perpendicular to (2), so we 

have  

)5(0222  cnbmal  

Further since the point ),,( 222  also lie on the plane then, 

)6(0)()()( 121212   cba  



 

 

 

Now eliminating cba ,,  from (4),(5) and (6) we get the required condition  
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And hence the required plane is 
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When one line is symmetrical form and other in general form: 

To obtain the 1condition that the lines, 
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Here, 0111  zcybxa ; 0222  zcybxa  

These two lines are the co-planer.  Any point on the first line is ),,(   nrmrlr .  This 

point will lie on the second line.  Then we have 

0)()()( 1111  dnrcmrblra   

ncmbla

dcba
r

111

1111







 

Equating the values of r, we get the required condition as, 
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Remark:  In the above condition both the denominator should not be equal to zero. 

When both the lines are in general form: 



To obtain the condition the lines may intersect. When the lines intersect we will get the 

equation of co-planer as, 01111  dzcybxa  

)1(02222  dzcybxa  

03333  dzcybxa  

)2(04444  dzcybxa  

Now eliminating zyx ,, from equation (1) and (2) we have 
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This is the required condition. 

Example 1: 

Show that the lines 
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are co-planer and find the 

equation of the plane containing them. 

Solution: 

The equation of the plane which contain the first line and parallel to the second line is given by, 
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If we simplify this determinant we get, 

0)1210)(7()122)(5()153)(3(  zyx  

0)2)(7()10)(5()12)(3(  zyx  

014250103612  zyx  

0505021012  zyx  

021012  zyx  



056  zyx  

This is the equation of plane which contains 
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. This plane passes through )1,1,1(  . Hence these two lines are co-

planer. 

Shortest distance between skew lines: 

Shortest distance between the lines can only have the meaning, if the lines do not intersect or 

the lines are not lying in the same plane.  Lines which have this character are called skew lines.  

Then the length between them which is perpendicular to both skew lines is called shortest 

distance. 

This shortest distance between the skew lines is obtained  

1. When both the lines in symmetric form, 

2. When one line in symmetric form and other in general form, 

3. When both lines are in general form. 

Now let us see the first case. 

When both lines in symmetric form: 

In this case two ways are there to find the shortest distance between two lines.  They are 

projection method and the co-ordinates method. 

Projection Method: 

In projection method the length of the shortest distance is given by 

)()()( 212121   nml  

Here nml ,,  are direction cosines of a shortest distance.  And ),,(),,( 222111  andQp are 

the points in the first line and second line. 

Example 1: 

Find the shortest distance between the lines 
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Solution: 



Let nml ,, be the direction cosine of the shortest distance.  Then the shortest distance is 

perpendicular to both the lines therefore we have 

)1(0432  nml  

)2(0543  nml  

Then solving this two equations we get  
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These nml ,, are the direction cosine of the shortest distance.  Then the point P which has co-

ordinates )3,2,1(P and the point Q has the co-ordinates )5,4,2(Q are the points on the given 

lines. So the projection of PQ on the shortest distance is given by 
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Let us take only the magnitude, so the shortest distance for the given line is 
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Summary: 

So from this lecture we have learned that the co-planar are the lines which lies on the same 

plane.  Conditions satisfied by the lines to be co-planar is obtained as  

 When both line in symmetrical form 

 When one line in symmetrical form and other in general form 

 When both lines are in general form. 

The shortest distance between the skew lines is obtained as )()()( 212121   nml . 

After listening to this lecture you can answer the following questions. 



Questions: 

1. What is known as the co-planar lines? 

2. Prove that the lines 
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3. Find the length and equations of shortest distance between zyxzyx  0593

and 32013386  zyxzyx . 

 

 

 

 

 

 


